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A two-dimensional numerical model has been developed for studying 
flows in enclosures having a large length-to-depth ratio. The model 
solves the two-dimensional Navier-Stokes and energy equations 
subject to hydrostatic, Boussinesq, and rigid-lid assumptions. Turbu- 
lent momentum and heat diffusion are incorporated using variable 
eddy coefficients. The flow is driven by surface wind shear and heat 
transfer. Two cases were run for a rectangular domain, subject to a 
suddenly imposed surface shear stress while the surface and bottom 
were maintained at two different but constant temperatures. The dif- 
ference between the cases was the formulation used for predicting the 
eddy viscosities and diffusivities. The variations of velocities and tem- 
peratures with time were studied. Both velocities and temperatures 
were found to undergo a sudden rapid change, after an initial period 
of slow change, before attaining steady state. This has been explained 
in light of the differences in the convective and diffusive time scales 
and the nature of coupling between the governing equations. 
Keywords : environmental flows 
Introduction 
Fluid flows in enclosures arising out of surface shear 
stress and heat transfer are usually found in all natural 
bodies of water (lakes, rivers, oceans, etc.). The length- 
(or width) to-depth ratio of such domains is usually 
high. The driving force in such flows arises out of 
meteorological impact on the surface combined with 
other inputs, such as concentration gradients and flow 
across domain boundaries. 
* Presently at Department of Mechanical Engineering, Florida Inter- 
national University, Miami, Florida 33199, USA. 
Natural water bodies also exhibit density stratifi- 
cation due to changes in temperature and salinity. 
Various investigators have examined the interaction 
between stratification and fluid recirculation. Huppert 
and Linden’ examined experimentally and numerically 
the stratification in a fluid with stable salinity gradient 
heated from below and developed a definition for effec- 
tive conductivity of fluid layers. Brocard and 
Harleman’ investigated experimentally and also devel- 
oped a theoretical model for the convective circulation 
in a horizontal fluid layer closed at one end and driven 
by a constant buoyancy flux at the other end. 
Horizontally integrated one-dimensional models have 
been used to investigate thermal stratification in lakes, 
364 Appl. Math. Modelling, 1987, Vol. 11, October 
0307-904X/87/050364-07/$03.00 
0 1987 Rutterworth Publishers 
A two-dimensional time-dependent model: S. K. Sinha and S. Sengupta 
among others, by Sundaram and Rehm,3 Henderson- 
Sellers4 and Sengupta et al.’ The mechanism for 
producing stratification in these studies is the vertical 
variation of eddy diffusivity, which in turn is related to 
the surface-wind-shear stress and vertical density gra- 
dients characterized by a Richardson number. 
Experimental work on destratification in enclosures 
due to surface shear includes investigations of Sinha 
and Sengupta,6 Koseff and Street,7 Rhee et al.,’ Kra- 
nenburg, 9,1o Kit et al.,” WU,‘~*‘~ Monismith,14 and 
Chasechkin.” These studies incorporate recirculation 
due to the presence of end walls and have shown the 
flows to be three dimensional due to the presence of 
Taylor-Gdrtler-like instabilities in regions of high 
streamline curvature. Most laboratory studies, however, 
do not adequately model the large length-to-depth 
aspect ratio of natural water bodies. The studies of 
Koseff and Street7 and Rhee et aL8 were in square cavi- 
ties. Increasing aspect ratios can drastically change the 
flow. This has been demonstrated experimentally for 
unstratified flows by Sinha.16 Field observations from 
real lakes include the studies of Mortimer” and 
Wedderburn.’ 6-l 9 
Steady-state, two-dimensional numerical investiga- 
tions for buoyancy- and surface-shear-driven flows in 
rectangular cutouts have been obtained, among others, 
by Torrance et aL2’ and Young et al.‘l They used turb- 
ulent closures but failed to show the nature of coupling 
between the eddy coefficients and the governing equa- 
tions. A review of numerical techniques for modelling 
flows in natural water bodies has been presented by 
Simons.22 The period of oscillation of internal seiches 
for a stratified basin has been investigated numerically, 
using a three-dimensional model, by Davies.23 
Numerical modelling of wind-driven circulation in 
lakes includes, among others, investigations of Cheng et 
a1.,24 Davies, 25 Sengupta and Lick,26 and Sengupta.28 
A major obstacle in modelling such flows is the proper 
choice of turbulent closures. Davies2’ used a three- 
dimensional model where the vertical eddy diffusivities 
and eddy viscosities could be specified arbitrarily, and 
discovered that the predicted velocities and tem- 
peratures strongly depend on the values of the eddy 
coefficients. Additionally, a study by James2’ has shown 
that shallow domains are especially susceptible to the 
eddy-viscosity/diffusivity formulation used. 
The aim of this paper is to investigate the effects of 
turbulence closures on the transient phenomena in a 
shallow domain, due to a suddenly imposed surface 
shear stress, in the presence of a stable temperature gra- 
dient. For simplicity a rectangular domain and a two- 
dimensional model have been used. Results have been 
obtained with two different eddy-viscosity/diffusivity 
formulations. 
Governing equations 
The governing equations include the two-dimensional 
continuity, momentum, and energy equations subject to 
hydrostatic and Boussinesq assumptions. The equations 
are normalized with respect to a vertically stretched 
coordinate system given by CI, y instead of x, z, where 
y = Z/&Z) 6(a) = the local depth (= H for a constant 
depth basin) and M = 5/L. 
The final nondimensional equations are 
-$ (hu) + h z = 0 (continuity) 
= -h$h~x+&; h: 
( ) 
(momentum) 
where 
$=E,(l +p) (hydrostatic equation) 
& (hT) + & (huT) + h -$ (CW 
=+-g(hg)+($-$$(B:$) 
(energy equation) 
i? = 1.029431 - 0.000020~ - 0.0000048T2 
(equation of state) 
(where 7 is in degrees Celsius) 
The transformed vertical velocity R is related to 
actual nondimensional vertical velocity as follows : 
the 
w=yug +hS2 
( ) 
8Y 
where Sz = - at 
and 
l4 = G/U,,, w = ti/EUref t = ?/ltref x = Z/L 
z = Z/H h = k/H E = H/L B,* = B,jBref 
P = (P - PrefYPref P = mk U,‘,,, 
T = @ - TedTe~ Ah* = A,/&, A: = &lb 
Bh* = BhIBref tref = WJref Re = Uref -WLf 
Pr = AreflBref = 1 Pe = Re . Pr E, = gh/U,Z,, 
Sengupta 28 derived the equations for a three- 
dimensional case. The equations are solved by a finite 
difference technique using a staggered grid system for 
computational stability. Initial values of velocities and 
temperatures are specified, and the solutions are 
marched forward in time. A Dufort-Frankel scheme is 
used to overcome the diffusive stability criterion. 
Although the equations incorporate vertical stretching 
to accommodate uneven bottom topographies, we used 
a rectangular domain. Hence, the derivatives of h with 
respect to tl vanish. The domain and the boundary con- 
ditions are shown in Figure I. The staggered grid 
system is shown in Figure 2. 
Since the equations are solved in the primitive form 
and a rigid-lid surface condition is used, the surface 
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pressures are no longer atmospheric. The horizontal 
pressure gradient term in the momentum equation has 
to be evaluated at every time step. To prevent computa- 
tional errors from accumulating in estimating this term, 
we obtain a second-order ordinary differential equation 
by differentiating the vertically integrated momentum 
equation with respect to c(, as shown below: 
%=l 
aa2 h - f@ (A, - c, + Xp) > 
1 dhdP 8R _s_- 
-idol da at y=. 
Figure 1 
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0 
(huu) + h $ (Qu) 1 dy 
1 
The las?t term Fn the pressure’equation, dR/& at the 
surface should theoretically be zero. Since this is not 
true numerically, this term is evaluated and serves as a 
correction term for the predicted pressures (Hirt and 
Harlow3’). This ordinary differential equation is solved 
iteratively by a successive overrelaxation technique. The 
pressures from the previous time step are used as the 
initial guess. The iteration directions are alternated to 
reduce mismatch between the pressure gradients near 
the two vertical boundaries. For each iteration the pres- 
sure gradient at either the downstream or the upstream 
wall is specified. These values are obtained from the 
previous time step. The iteration process is assumed to 
converge when the predicted values change less than 
1%. This was found to occur within 15 iterations in 
most cases. 
Model verification 
The model was verified at first for an isothermal rec- 
tangular basin subject to a suddenly imposed surface 
shear stress. A constant value of eddy viscosity was 
used. The velocities predicted by the model away from 
the vertical walls were in excellent agreement with the 
analytical solution of the simplified momentum equa- 
tion, i.e., when the nonlinear inertia and horizontal 
viscous terms are ignored (Sengupta and Lick26). 
To verify the temperature predictions, we ran the 
model with parameters for Lake Cayuga, New York. 
The velocities were kept as zero, and surface heat 
exchange was specified from meteorological data. The 
results were compared with data and one-dimensional 
predictions of Lake Cayuga obtained from Sundaram 
and Rehm.j These are described in detail by Sinha. 
Transient response 
Transient response of natural water bodies due to 
surface-imposed driving forces is important, since the 
steady state is usually never attained, because meteoro- 
logical conditions vary with time. Moreover, the gov- 
erning momentum and energy transport equations in 
this problem are coupled. Hence, verification of the 
momentum and energy transport solutions indepen- 
dently, as described in the previous section, does not 
necessarily guarantee agreement of the predicted results 
of the complete model with experimental data. This is 
primarily due to the complicated nature of the coupling, 
which depends on the interaction of turbulence and 
buoyancy. This section describes an attempt to experi- 
ment with these parameters with the aim of developing 
a better understanding of the flow. 
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Two simple cases were chosen for this purpose. The 
domain was a rectangular cutout, 1 km long and 30 m 
deep. These dimensions are approximately those of 
many small lakes, such as Lake Keowee (Sengupta et 
al.‘). The vertical walls were assumed to be insulated. 
The initial conditions were zero velocities and a con- 
stant temperature of 10°C throughout the domain. A 
step input of 0.02 Pa shear stress and a temperature of 
25°C were then suddenly applied to the surface while 
the bottom was held at a constant temperature of 10°C. 
Although a surface temperature gradient condition is 
more appropriate, the conditions are a simplified way to 
model the spring heating of temperate lakes. Addi- 
tionally, specifying the temperatures rather than the 
gradients simplifies the boundary conditions and gives a 
clearer understanding of the internal dynamics of the 
basin. The turbulent Prandtl number was assumed to 
be unity for all cases, including the verification runs. 
The only difference between the two cases was the 
formulation used in calculating eddy viscosities and dif- 
fusivities. In both cases the vertical eddy viscosity (or 
eddy diffusivity) is defined as 
A, = A,(1 + U. Ri))’ 
where 
A, = neutral value of A, = O.OlA,,, 
0 = constant = 0.1 
The Richardson number Ri is defined as 
I -Lx” gz2/w*2 for Case 1 
Ri = i 
! 
%J da T/W 
(au/&)2 
for Case 2 
where 
clv = the volumetric coefficient of expansion of water 
(obtained by linearization from the equation of 
state) 
g = acceleration due to gravity 
w* = the friction velocity = & 
t = the surface shear stress 
Expressions for calculating a, and Ri (Case 1) as well as 
the value of 0 were obtained from one-dimensional 
simulations of Sundaram and Rehm3 and Sengupta et 
aL5 In Case 2 local gradients of the horizontal velocities 
were used to compute Ri, since these can be readily 
computed in a two-dimensional model. 
Results and discussions 
From the formulation of the problem it is expected that 
the velocities and temperatures would pass through a 
transient period and ultimately reach steady state. 
Figures 3 and 4 show the development of the velocities 
and temperatures, respectively, with time for Case 1. 
The steady-state profiles of the same are shown in 
Figures 5 and 6. The numbers in parentheses represent 
grid points. 
Figures 7-10 show the same for Case 2. Both cases 
were run with a time step of 100 s, being limited by the 
convective stability criterion. The values of velocities, 
temperatures, and eddy viscosities were printed out 
every 300 time steps till steady state was reached. 
In Case 1 the velocities increase smoothly and reach 
steady state in 60000 s (16.5 h). The temperatures 
(upstream) reach a maximum after 30000 s (8.3 h), after 
which they reduce slightly and reach steady state. In 
Case 2, however, both horizontal velocities and tem- 
peratures at the upstream end exhibit rapid changes. 
(The words “upstream” and “downstream” are with ref- 
erence to the direction of the surface shear stress and do 
not necessarily coincide with local flow directions.) The 
velocities reach an apparent steady state initially, but 
; -.Ol ~(6.6) 
flme In 10 ’ Seconds 
Figure 3 Variation of u (horizontal) velocities with time for 
Case 1 
25 . 
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Figure 4 Variation of temperatures with time for Case 1 
(2,J) (6,J) (10,J) 
Length (ml 
Figure 5 Horizontal and vertical velocities at steady state for 
Case 1 
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after 120000000 s they increase rapidly to reach the 
true steady state. The fluctuation in temperatures, 
although similar to Case 1, is more pronounced. Fur- 
thermore, the increase in velocities occurs concurrently 
with the temperatures reaching near-steady-state values. 
Additionally, these changes are extremely pronounced 
near the upstream end and reduce in the downstream 
direction. 
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Figure 6 Temperature and nondimensional 
diffusivities at steady state for Case 1 
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Figure 9 Horizontal and vertical velocities at steady state for 
Case 2 
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Figure 10 Temperatures and 
steady state for Case 2 
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A comparison of the steady-state velocity and tem- 
perature profiles for the two cases (Figures 5, 6, 9, and 
10) shows significant differences between the upstream 
and downstream end profiles for Case 2. These differ- 
ences are smaller for Case 1. 
A comparison of Figures 7 and 8 suggests a correla- 
tion between the velocities and temperatures with 
respect to convective and diffusive time scales. A con- 
vective time scale may be defined as the time required 
for a mass of fluid to go around the domain and return 
to its original position. For a mass of fluid originating 
near the corner of the surface and the vertical upstream 
wall, the convective time scale was estimated as 
110000 s for Case 2. The diffusive time scale is deter- 
mined solely by the local values of eddy viscosity (or 
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Figure 11 Eddy viscosity/diffusivity profiles at (1, j) for Case 2 
Tcmperaturos (0~) 
15 20 
Figure 12 Temperature profiles at (1, j) for Case 2 
diffusivity). Figures I1 and 12 show the eddy viscosity 
and temperature profiles with time for Case 2. The 
downstream profiles attained steady state almost 
instantaneously. 
We will try to explain the sudden changes by focus- 
sing our attention on the effect of eddy viscosities and 
diffusivities due to interaction between temperature and 
velocity gradients. There are two predominant processes 
taking place in the domain. The first one is the diffusion 
of heat and momentum from the surface to the bottom, 
the magnitude of which is related directly to the values 
of the eddy diffusivities and viscosities. The second phe- 
nomenon is the transport of heat and momentum due 
to convection. 
During the initial stages the diffusive process domi- 
nates. However, fairly soon the presence of vertical end 
walls causes the local flow direction to be reversed in 
the lower layers, giving rise to recirculation and associ- 
ated convective effects. At the upstream end of the 
domain, recirculation causes cold fluid from the bottom 
layers (the bottom layers cool due to heat exiting 
through the bottom surface) to mix with the warmer 
fluid near the surface. This process is initiated after a 
time period equal to the previously defined convective 
time scale and explains the sudden drop in temperatures 
seen in Figure 8. Moreover, the eddy viscosities and dif- 
fusivities are directly related to the local velocity gra- 
dients in Case 2. Since the surface is held at a constant 
temperature, the presence of a mass of cold fluid just 
below the surface increases the vertical gradient of the 
temperature in this region, as seen in Figure 12. This 
results in an increase in the local Richardson number, 
leading to a drop in the surface eddy viscosities and 
diffusivities near the upstream end, as seen in Figure II. 
Lowering the eddy coeflicients reduces the local surface 
heat flux and increases the vertical gradient of the hori- 
zontal velocities. Since the surface shear stress is con- 
stant and the velocities below the surface are 
determined by the inertia of the recirculating fluid, the 
surface velocities have to increase. 
This explanation is fortified by the fact that the 
maximum rate of change of the temperatures coincides 
closely with the maximum rate of change of the hori- 
zontal velocities. We can see this by comparing 
Figures 7 and 8. However, the comparisons should be 
used with caution, since the temperatures are computed 
at half grid points, which are 50 m away from the 
nearest full grid point used for computing u-velocities. 
In Case 1 the eddy coefficients are unaffected by local 
velocity and temperature gradients. Hence, variations of 
these coeflicients in the horizontal direction cannot be 
reproduced. This reduces the difference between the 
upstream and downstream velocity profiles in this case. 
The maxima in the upstream temperatures occur due to 
reasons mentioned before. However, local temperature 
gradients are not used in estimating eddy viscosities. 
Thus, the eddy viscosity near the surface does not 
change. Therefore no sudden increase is noted in the 
velocities. 
Conclusions 
It has been demonstrated that local mixing processes 
play a significant role in the transient and steady-state 
responses of stratified reservoirs. The use of local veloc- 
ity and temperature gradients in calculating eddy coeffi- 
cients alters the predicted results considerably. This is 
portrayed in the differences between the two cases. The 
turbulence model used in Case 2 is superior, since both 
horizontal and vertical variations of turbulence can be 
represented. The validity of this turbulence model and 
the occurrence of sudden changes in temperatures and 
velocities together with the predicted multiple thermo- 
clines are, however, subject to experimental verification. 
The stratified lid-driven cavity-flow experiments of 
Koseff and Street’ do not indicate any sudden changes 
in velocities or temperatures. However, their experi- 
ments were conducted in a square enclosure with an ini- 
tially linearly stratified fluid. Hence, a direct comparison 
cannot be made with the present numerical solutions. 
The values of aspect ratio, shear stress, and tem- 
perature differences used for this study may change, 
depending on the topography, geographical location, 
and meteorological conditions of the water body in 
question. Moreover, it is difficult to obtain extensive re- 
liable data from natural reservoirs. Hence, the authors 
feel that controlled laboratory experiments are neces- 
sary to verify the turbulence closures. 
Appl. Math. Modelling, 1987, Vol. 11, October 369 
A two-dimensional time-dependent model: S. K. Sinha and S. Sengupta 
Nomenclature 9 
10 
11 
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horizontal eddy viscosity 
horizontal eddy diffusivity 
vertical eddy viscosity 
vertical eddy diffusivity 
reference eddy viscosity and eddy diffusivity 
acceleration due to gravity 
local depth 
length of domain 
maximum depth of domain 
local fluid pressure 
surface pressure due to rigid-lid assumption 
time 
temperature 
horizontal and vertical velocities 
transformed vertical velocity 
actual and transformed horizontal coordi- 
nates 
actual and transformed vertical coordinates 
density 
surface shear stress 
subscript used to denote reference quantities 
superscript used to denote nondimensional 
quantities 
superscript used to denote dimensional 
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